The Discrete Fourier Transform:
From Hilbert Spaces to the FFT

Hayden Borg
22 April 2021

This work is licensed under a Creative Commons “Attribution 4.0 International (CC BY
4.0)” license.



1 Introduction

Fourier analysis, broadly, is the study of representing or approximating functions with sums
of trigonometric functions or complex exponential functions. Fourier analysis has a wide
range of applications including: solving partial differential equations, probability theory and
statistics, and signal processing. Its applicability in signal processing gives it a vast number of
use cases including: X-ray crystallography, infrared spectroscopy, nuclear magnetic resonance
spectroscopy, MRIs, image processing, and audio editing.

This paper seeks to give readers an brief introduction to Fourier analysis beginning with
Fourier series and the Fourier transform. In particular, this paper seeks to introduce readers
to the Discrete Fourier Transform and the Fast Fourier Transform, as motivated by Hilbert
spaces and Fourier series, using the ‘tools’ of linear algebra.

2 Hilbert Spaces

We begin with Hilbert spaces. Hilbert spaces can be intuitively understood as an extension
or generalization of Euclidean spaces, such as R? or R?, to n—dimensions for n € Z*.

We define a Hilbert space to be an inner product space which is also a complete metric
space. [1] For the purposes of this paper we will consider only real and complex inner product
spaces.

2.1 Inner Product Spaces

An inner product is bifunction, linear in the first argument and conjugate linear in the
second, acting on elements of a vector space which is:

1. Conjugate symmetric: (7, ) = (¥, T)
2. Linear in its first argument: (azi + bz, y) = (21, y) + b(@2, )
3. Positive definite: (Z,Z) > 0 for all Z # 0 and (#, ) = 0 if and only if Z = 0

A vector space equipped with an inner product is an inner product space. We define the
norm in an inner product space to be ||Z|| where ||Z||*> = (Z, Z).

We then have some familiar results. [1]

Let V be an inner product space.

Theorem 1. (Parallelogram Law.) For Z,5 € V, ||Z+ y|> + |7 — 4]|* = 2[|Z]|* + 2]|4]*.

Theorem 2. (Pythagorean Theorem.) For T,y € V such that (Z,y) = 0, ||Z + ¢||*> =
12117 + 11911

Theorem 3. (Bessel’s inequality.) If {0;} is a finite orthonormal family of vectors then,
S KU, v |2 < |[0][? for every U € {v;}.

Theorem 4. (Schwartz’s inequality.) For Z,i €V, {Z,9)* < ||Z||||7]]-



2.2 Metric Spaces

A metric space is a set S with a metric p which defines a distance between points in S. [2]
w1 must satisfy the following for all s, s9,s3 € S:

1. pu(s1,82) = 0 implies s1 = s9
2. Symmetric: u(sq, s2) = u(sa, s1)
3. Triangle Inequality: pu(sq,s3) < u(s1,s2) + p(s2,s3)

A Cauchy sequence, {s;} for i > 1, in a metric space (S, ) is a sequence in which for
every positive, real number € > 0 there is an integer N for which pu(s,, s,,) < € forn,m > N.
That is to say the sequence converges.

A metric space (S, ) is complete if every Cauchy sequence in S converges to a point in
S. This is all, more or less, to say that we can ‘do’ calculus in a complete metric space.

The closure of a proper or improper subset of a metric space S C (M, pu) is defined
S = S U {lim, 00 Snls, € Sforalln € N} A subset of a metric space (S, ) is dense if
S = S. Informally, we may say that a set is dense if every point arbitrarily close to an
element of that set is also in that set.

2.3 Hilbert Spaces

Theorem 5. The norm in an inner product space is positive definite, positive homogeneous,
and subadditive.

Proof. The inner product is positive definite and so the norm is positive definite.
Grab a € C and ¥ € H. Then,

a(Z, 7) = |of||Z]]*.

ol

||aZ||* = (aF, aT) = (aad, T) =

So, the norm is positive homogeneous.

+ (& |+ 7, D) + (7, 7)

! + (@, D]+ (7. &)+ |7

< |21)* + 2|27 + |17 Schwartz’s inequality
1211 + (1711

So, [|1Z + 4]| < |1Z]|* + ||g]|* and the norm is subadditive. O

If|

It then quickly follows:

Theorem 6. If we define the distance between two elements of an inner product space, V,
to be ||T — 4|, then V is a metric space with respect to u(Z,y) = ||Z — ]|

—

Proof. The norm is positive definite so ||Z — %]| = 0 implies that Z = .
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Observe: & —y = —1(y — Z).
So using the positive homogeneity of the norm,

1Z =gl =l =17 =2l = [ = Uy — 2| = [|§ — Z]|.
So p is symmetric.

Then, observe: & — ¢ = (¥ — 2) + (Z — 7).
So,

17 =gl = |(Z = 2) + (Z = )l < [|(@ = )| + [|(Z =PI
Then, the triangle inequality holds for pu. O]

Given two metric spaces (M, u) and (S, 0), a function f : M — S is uniformly continuous
if for any real real € > 0 there exists a 0 > 0 such that for any mq, ms € M with p(mq, my) <

3, o(f(my), f(me)) <e.
We may consider vector addition, scalar multiplication, and the norm as defined for an
inner product space, V', as functions ® : V -V or ®:V - R

e Vector addition with a fixed §: ¢4 #(Z) =7+ ¥
e Scalar multiplication with a fixed scalar a: ®. () = af

e Inner product with a fixed vector §: ®. (%) = (7, )

e The norm: @ (Z) = ||Z|]

Theorem 7. Vector addition (O z), scalar multiplication (®.,), the inner product (. 5),

)

and the norm (®y) in a Hilbert space are uniformly continuous. [1]

To summarize, a Hilbert space is a vector space equipped with an inner product which
can be used to define a norm. This norm is then the metric for the vector space which is
also a complete metric space.

At the risk of being too vague, we may say that a Hilbert space is a vector space with
‘euclidean’ geometry in which we can ‘do’ calculus.

Many of the concepts important to vector spaces may be generalized to Hilbert spaces.

A set in a Hilbert space is orthogonal if each element is orthogonal to every other element.
That is {y;} is orthogonal if (y;,y;) = 0 for all ¢ # j. If each ¥ € {g;} has ||y]| = 1, {y;} is

orthonormal.

Theorem 8. Let {y;} be an orthonormal set in Hilbert space H and v € H such that
U= ayi. Then, a; = (V. 4i) [3]
k

Proof. (0,y;) = O aw¥i, v3) = > ax (U, U;) = ay O
k k

The set {€;} in a Hilbert space, H, is an orthonormal basis if:

1. Orthogonality: (e, e;) = 0 for all j # k.
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2. Normal: ||&|| =1 for all €;.
3. Completeness: The linear span of {€;} is dense in H.

Note: the orthogonality of €; guarantees linear independence.

2.4 Example 1

Define /% to be the set of all sequences of complex numbers ag, ai, as, ..., which we note
{a;}, such that Z lag|? converges.
Scalar multlphcatlon and vector addition are defined in the obvious way.
Define the inner product: ({a;},{b;}) = kz: arby.
=0

Define the norm ||[{a;}||* = ({a;}, {a;}).
With these definitions, ¢? is a Hilbert space. For the purpose of brevity, the proof is
omitted.

Define ¢; to be the sequence {¢;;} where § is the Kronecker delta. For example, & =
{1,0,0,0,...}.

Proposition 1. B = {¢; for i € N} is an orthonormal basis of (2.
Proof. First, >_ |[éi]x]*> = 1 s0 ¢; € (2.
k=0

Then, for all i # j, (&, ¢;) = > [€&]x[é5], = 0.
k=0
Then, [|&|]* = X [&]xléi]r = 1.
k=0
So, B is an orthonormal set.

Let a = {a,} be an element of (2.

Then, lim Z arer, = {a;} = d. So, B is dense in (2.

Then, B is an orthonormal basis of ¢2. O

2.5 Example 2
L*(R) is the set of all square- integrable functions with real input. That is the set of all
functions with real input such that f |f(z)|*dz < .

We may also consider square- 1ntegrable functions over bounded intervals. Suppose a <b,

L?([a, b]) is the set of square integrable functions over the interval [a, b]. That is f |f(z)]?dz <

a
Q.

Let f,g € L*(R). Then define (f, g) ffgdx

Then, ||f]|* = f ffdx f |f|2dx.

—0o0



We then have the following results which are presented without proofs for the sake of
brevity.

Proposition 2. L?(R) is a Hilbert space.
Proposition 3. L?([a,b] is a Hilbert space
Now let’s consider a basis.

Proposition 4. The set B = {\%ei%ﬂkﬂk € Z} is an orthonormal basis of L*([0,T1])

Proof. First, we must show that B is a subset of L*([0,T]).

2m

T T
1 27 1 .
/| GZTkﬂQdI: /| |2|62Tkx|2dl,
vT vT
0 0

T
1
0
1

So our set, B, is in L2([0, T)).

Now we must show our set is orthonormal.

L__(e2r(n=m) _ 9 for n #m

T
T
{%fldxfornm
= 0

So, our set is orthogonal
Then,

VT©
So, our set is orthonormal.

At this point we must prove that the span of B is dense in L?([0,T]). However, this goes
well beyond the scope of this course so stating this result will have to suffice. The proof uses
the Stone-Weierstrass Theorem, so that may be a good stepping stone if one desires. [4] O
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3 Fourier Series

The Fourier series is more or less a consequence of Proposition 4.

Theorem 9. A complex valued function of a real variable, f(x) which is square-integrable

on the interval [0,T] may be represented by the series f(x) = 5. ¢’ where ¢, =
T - 27 o

+ [ f(@)e " T dx
0

Proof. f(x) € L*([0,T]) and {\/%feiz%kﬂk € Z} is an orthonormal basis of L*([0, 1]).

We can rewrite Theorem 8: ¢ = > (¥, yr.) Uk
k
Then we can rewrite f(z):

f<x>:Z<<

\/

2” kz> Leﬂ%kx
VT

T
/ fz—kmdx 1 z%kw
0

e

VT

3\

G
T
271' 1 _ 27
— E e kx f i kxdx
T
k€EeZ 0

Defining ¢, = f (x)e_i%ﬂmdx and modifying the index we have

1
T

§ Cn z—nx

n=—oo

]

By limiting the complex value function to the interval [0, 7] we assume that the function
over R is periodic in T'. The extension of Fourier series to aperiodic functions requires us to
expand the interval to R. This extension goes beyond the scope of this paper, but for the
sake of completeness will be quickly presented. [4]

Given a continuous function f(t) with real input, the Fourier Transform of f(t) is f(w) =

[ f(t)e™®™tdt (provided the integral converges.)

Then, f(t) f fw)e2™tduw.

3.1 Example: Square Wave [5]

Define our square wave function with period 7" =1 on the interval [0, 1]:



lforo<z<i
f(z) = ) 5
—1for§§x<1

Then,

cn:/f(x)e_izmwdx

3 1
:/6—i27rnxdx_/6—i27rna:dl,
1
2
—1 . -1 .
— —imn 1) — 1 —imn
z'27m( ) z'27m( )
—1 )
— _— (pinmw 1
Y
(4
= —((-1)"—1
(-1 -1

{0 if n is even

— 2 if n is odd
nm

SO7 f(;lj) = Z _%ei%rnx — _% Z %€i27rnm

n is odd n is odd

4 The Discrete Fourier Transform

Almost always measurements, incoming signals, image, etc. are not continuous functions,
but discrete data. But, the Fourier series is limited to continuous, periodic functions.

The Discrete Fourier Transform (DFT) is an extension of the Fourier series and Fourier
Transform to discrete data. At this point it is pertinent to note that the DFT may refer to
a discretized Fourier series or discretized Fourier Transform. Because the data is inherently
limited in these situations, the computations involved in extending the Fourier series and
Fourier Transform are identical although they may be considered mathematically distinct.
So, this paper will focus on the DFT as motivated by Fourier series.

—

The Fourier series is more or less an application of Theorem 8: ¢ = > (¥, yr)yr where
k

{y;} is the special basis {%ei%kﬂk €eZ}.
We can treat N complex data points as a vector o € CV.
Consider this data to be sampled points from a continuous function f.
. . i 2m .
Then, sample the ‘basis’ functions {%G’T’”]k € Z} at N points:

1

1
61’%0:{: N



. 02
61%"1 - ezQWﬂ

ei(NA)'%T

We can more elegantly write these vectors using the Nth root of unity, wy = €N

In general,

Wy
o Tk N2k

oy -1k

Lemma 10. While computing the DFT, we only need to consider the N basis vectors
{Fre TR0 <k <N -1}

Proof. Consider k = N:

oy 1
61%]\7.’17 N WQ’N — |1
W(Nfl)-N 1
And k=N + 1:
B WO (N+1) ] B WO T
ml (N—|-1) Wl
e ORL R I I
_W(N—l)(N-‘rl)_ _W(N 1)_
And generally k = N + [
B WO (N+1) T B WO T B WOZ T
ml-(NJrl) ml ml !
ei%ﬂ(NH)x N WQ'(NH) _ WQ _ WQ'Z
T (N-D-(N+) S (N-1) (N1




So, we only need to consider the first NV basis vectors. Sampling any basis vectors outside

of {\/Lfeiz?w’“m < k < N — 1} will only introduce repeated vectors. O
For notational convenience define:
F oo ]
oyl
a . WNQW
o (N1

N-1
Then using our results from Theorem 8 and Lemma 10, ¢ = Y (¥, é;)éx.
k=0

We may encode this linear combination of basis vectors as a new vector in C where
the entry is the scalar and the index is the index of the basis vector. This vector is the
transformed vector.

That is, the transform of 7 is ¥ where [0]; = (7, &) = (€}, 7). Note that then, [7]; = [0];€]

N—1

is equivalent to U = ) (U, é;)€;.
k=0

So, [’l%]z — ¢*7. Tt then becomes natural to write ¢ as a matrix vector product:

—

~, R -
U= [€0|61| . |eN_1] U

We then define the DFT to be the linear transformation 7' : CV¥ — C¥ defined by the
matrix vector product:

0-0 0-1 0-(N-1)
Wi Wh wNN
. . 1.(N-1
@) wi® Wit
U) = U
. . N-(N—1
WO N

where wy = e~ is the Nth root of unity. In this paper, we will write this matrix F.

Re-introducing the normalizing factor \/LN can be useful and is mathematically interesting.

1
Define U = \/_ﬁ}_‘

Proposition 5. U is a unitary matriz.

Wi Wi . WD
Wwko Wil - L)
Proof. U = \/LN N N 8
w](VN—l)-O w](VN—l)-l o wj(val).(N,l)
i—1)-(j—1
So, [U];; = \/Lﬁwgv )G=1)
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So,

Then, UU* = Iy.

N-1 .
Direct computation shows: + > WD = 0 for i # j. This can intuitively be

= =z

k=0
understood as taking the average of N, Nth roots of unity. Geometrically, its is easy to see
this is 0.

]

5 Cooley-Tukey Algorithm and Matrix Decomposition

This matrix-vector product is useful for defining the DFT, but it is computationally ineffi-
cient. Directly computing the entries of the DF'T matrix and the matrix vector product is
O(n?), so the naive algorithm for computing the DFT 20(n?). While this may not seem very
computationally complex, data sets can frequently be millions of points long. The symme-
tries in the DFT matrix as well as the symmetries in calculating its entries can be exploited
to give faster algorithms for computing the DFT. These algorithms are called Fast Fourier
transform (FFT) algorithms

This paper will focus on perhaps the first FFT algorithm, the Cooley-Tukey algorithm
from the perspective of matrix decomposition.
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We first need some notation.

Given a vector ¥, let Ueen to be the vector containing the entries of ¢ with even index
and v,qq to be the vector containing the entries of ¥ with odd index.

Note: for this section we’'ve adopted the convention of the first entry having index 0

That is

[17even]k = [17]% and [Uodd]k = [17]2k+1-

For example,

2

1

2 2 1
— — 1 —
U= |1| = Ueven = y Uodd = 1

3

3 5 1

1

)

Let the even-odd permutation matrix be the matrix which permutes the entries of a
vector so that the entries with even index, in order, are first followed by the entries with odd

index, in order.
That is,

[ even-odd } . {176‘,%1
U= )

permutation Uodd

For example, the even-odd permutation matrix of size 4 is:

0 0 0
o o0 1 0
o 1 0 0
0O 0 0 1
Given a DFT on an N— dimensional vector, which we may call an N —points DFT, define
D,, to be the n x n diagonal matrix with entries W%, wy, . .. ,w}i,_l

For example, given an 8—point DFT,

1 0 0 0
0w 00
Di=1g w0
0 0 0

Lemma 11. (Danielson-Lanczos Lemma) [7] The DFT for N = 2™ for some m € N,
. N-1
[0 = > [U]e[Fnlik, may be rewritten

k=0

{%}'}1 = -F%Ueven + D%—Fgﬁ‘odd fOT’ 0<:< % —1
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[17]1 :fﬁﬁeven _Dﬂfﬂﬁodd fO?"% <i< N -1
2 2 2

Proof.

Il
]
<L
2
S
==
_I:/

[Fakriwy

Ifwelet 0 <1< % — 1 this simply becomes:
[ml = [F%Ueven]l + WAZN[F%UOdd]L

For % <1< N, definel =1— % Then we may rewrite:

. = 3 i(2k i 5 = 5 i(2k
[ =) wi [T +whywi Y w [fansrwy™
=0 2 2 =0 2 2
J-1 A J-1 A
= D [Ty — wly D [y

o

=0

>
I

0

‘Fgﬁeven][ - wéV[F%UOdd]Z

—

m
Using this Lemma, we can decompose DFT matrices with size 2 to an integer power. [§]

Theorem 12. Let N = 2F where k € N. Then,

In Dy | | Fx even-odd
Fn = 2 2 2 ) .
I N —-D N Fn | |permutation

Proof. We will prove by induction. The N =1 is trivial.
Consider the N = 2 case:

e A
A

The N = 4 more clearly demonstrates the logic of the proof:

13



I Do Fo even-odd

{[2 —DJ [ Fo {permutation]

(1 0 1 o]t 1 o o]t 0 0 ©
10 1 0 W4 1 Wy 0 0 0 0 1 0
1 0 -1 0 0 0 1 1 0 1 0 0

0 1 —wg| [0 0 1 w0 0 0 1

(1 0 1 o]t o 1 0]

o1 0 wi | |1 0 w0
1 0 -1 0 0 1 0 1

0 1 0  —w] [0 1 0 w]

1 1 1 1
. 1 Wy —1 —Wy
1 —1 1 —1

1 —W4 -1 W4q
= F

Then consider N = 2,

[2k DQk fgk—l ﬁeven o [2k ng fgk—lﬁeven
[2k —D2k .FQkfl 'U\Odd o [Qk —DQk .FQkfl'l_]’Odd
For—1Ueyen + Daor—1For—1Usqq
kaflﬁeven - D2k71f2k—1770dd

Then using the Danielson-Lanczos Lemma,

Usk—1Ueven + Dor—1Uok—1TUoqq
Z/{Q’f—l'l_feven - DQk—lZ/{Qk—l'I__fodd

:| - Z/IQk’l_J'
0

This factorization my be applied recursively log, N = k times until [{7]1 is computed
entirely using scalar multiplication. Doing so requires computing N roots of unity. R

Then computing each [0]; is order O(log N). ¥ is N—dimensional, so computing v is
O(Nlog N 4+ N) =O(NlogN).
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